Abstract-The methodology for the order reduction of the dynamic model of a linear weakly periodic system presented in the first part of this paper is applied here to the case when the power network includes frequency dependent transmission lines. The technique for obtaining the external equivalent of the network is described. A comparison is given between systems having lines with constant or frequency-dependent parameters. Time-domain simulations have shown that the reduced-order equivalent leads to fast and accurate results.
I. INTRODUCTION
HE THEORY for reducing the dynamic model of a linear weakly periodic (LWP) system has been presented in the first part of this paper [1] . As described there, the basis for the reduction is the assumption of the system being LWP in steady state ("weakly" means that its linear part is dominant) so that the system can be linearized around its periodic state. Initially, the order of the reduced system is defined by the reduction of its linear part. Then, the time-periodic harmonic part for the reduced system can be obtained via a general method based on Gauss-Seidel iterations, or by a simplified approach based on a forced extremely sparse solution. It is shown in [1] that the latter leads to results of the same accuracy as the general procedure but with higher computational efficiency.
In this second part of the paper, we present an approach for the inclusion of frequency-dependent (FD) lines in the network. The transmission line is represented in the form of a state-space realization obtained by rational approximation of its admittance matrix [2] . This model is hereafter referred to as admittance-frequency-dependent approach (Y-FD). On the other hand, the model used in [1] is referred to as a constant parameters approach (CP).
Consideration of FD line modeling permits us to obtain more accurate results in the time-domain simulations. However, the proposed technique can also be applied to other electrical devices for which taking frequency dependence into account is important. Among the potential applications of the proposed methodology are situations when there is a need to use detailed models of transformers or of switching elements; when the corona effect is present in the lines; and also the study of harmonic resonances in an external system and detection of dominant poles [3] . For added convenience, clarity, and emphasis, we first present in Section II a brief review of the methodology described in [1] . Then, Section III describes the modeling of an external system to be reduced including FD lines. Section IV gives an example and the corresponding results.
II. BRIEF REVIEW OF THE BASIC THEORY
This section reviews the simplified alternative of the general order-reduction methodology described in [1] . The main objective of [1] is to describe a procedure for transforming the linearized (initially nonlinear, time-varying) system of order (the incremental notation is omitted) (1a) (1b) into an equivalent system of a reduced order The systems (1) and (2) contain -periodic matrices ( to ) having the following typical structure: (4) where represents the fundamental angular frequency and denotes the highest harmonic considered in the transient study. As the original system is assumed to be LWP, first the constant part corresponding to , , and is calculated via a reduction based on singular value decomposition (SVD). Then the harmonic coefficient matrices , , and are obtained using the transformation matrix . This matrix can be considered as a -periodic matrix or as a constant matrix, . The first option leads to a Gauss-Seidel procedure. The second option, used in this paper, requires no iterative procedures, is more efficient computationally, and preserves the accuracy of 
III. NETWORK WITH FD TRANSMISSION LINES
In this section, we present the assemblage of state equations for a FD transmission line (or a network) with nonlinear load(s).
A. Admittance Approach ( -FD) 1) Single Transmission Line:
The two-port voltage/current relation for the transmission line depicted in Fig. 1 can be expressed as (6) where
In (7a) and (7b), and represent the characteristic admittance and the propagation function, respectively, of a line of length . Approximating and from (7) by rational functions [4] , we can express the first equation in (6) as follows:
(8) Note that the same set of poles, contained in the diagonal matrix , is used for both admittances. In addition, the same column vector , with all entries equal to 1 in the single phase case, is used for both admittances. The residues of the realization are contained in and . From (8), we define
In the time domain, (8) and (9) become
The definitions in (9) and the (10a) apply also for node of the line. Thus, we have the following complete state-space realization for the transmission line: Consider now that a nonlinear load, consisting of a saturating reactor, is connected at node and is described by
If we apply KCL at node , , then the voltage at this node can be calculated from (11b) and (12a) as a function of the state variables from (13) Then, (13) is substituted into (11) and (12b) to obtain the final expressions
The equations in (14) define the input-output relation in the time domain for the transmission line viewed from node . The effect of the nonlinear load has been included analytically by elimination of the currents at node of the line. Assuming the system in steady state, the initial conditions for (14) are obtained from its harmonic domain (HD) representation [5] .
2) Network of Transmission Lines: In the case of a network with several transmission lines, the "node elimination" technique described above for one line is still applicable for obtaining its external equivalent. For illustration, this technique is briefly described in the following for the system from Fig. 2 (see Appendix A for details) but it can be used for any general network as well.
First, relations similar to (11a) and (11b) are obtained for each line. Then, KCL is applied to each node to calculate the corresponding voltage as a function of the local and neighboring states. These voltages are then substituted into the dynamic equations similar to (11a) for each line to obtain the final input-output relation as in (14). This procedure yields a complete system of the form
where and contain the states from the lines and loads, respectively. The dynamic matrix is formed mainly by a con-stant part , corresponding to a combination of poles and residues from the lines, and a time-varying part , corresponding to the nonlinear loads.
The state equations in (15) correspond to a system of nonlinear equations. For the purpose of reduction, this system has to be linearized around the periodic steady state as shown in [1] to obtain the complete linearized system as in (1) . The improvement in this second part of the paper consists of the inclusion of a more accurate model for the transmission lines via the approximation of their admittance matrices by rational functions.
B. Traveling Wave Approach (TW-FD)
In the admittance approach described above, the functions in (7) are approximated by rational functions. This approximation requires a large number of poles due to many peaks involved in the hyperbolic functions. Thus, (15) represents ODEs containing a large number of states which is transformed into ODEs of reduced order. A more common approach, based on traveling waves, is to represent the transmission line by the characteristic admittance and the propagation function as its fundamental parameters [6] . This is referred to hereafter as traveling-wave frequency-dependent approach (TW-FD). These parameters are smoother functions than those from (7) and can be approximated by a lower order ODE realization. However, in this approach the representation equivalent to (15), corresponding to traveling waves, is delay differential equations (DDEs) (see, for example, [7] ) for which there is no available order-reduction technique. In this paper, the complete DDEs are used to simulate the original system for comparison with its counterpart in (15). Details of the construction of the DDEs are given in Appendix B. The order reduction of a DDE system could be the object of interesting future research, as suggested in Fig. 3 .
IV. EXAMPLE
The configuration of the network used for this example is presented in Appendix C. The results for the three approaches used, namely admittance (Y-FD), constant parameters (CP), and traveling wave (TW-FD), are presented in this section.
A harmonic power flow (HPF) program is utilized to obtain the steady state of the network using up to the ninth harmonic. Note that an HPF capable of handling FD lines is used for the admittance approach. The line constants in the CP approach are calculated at the frequency of 100 Hz to match the steady-state and the harmonic content corresponding to the FD approaches.
The nonlinear characteristic (12a) of the load at bus 2 is presented in Fig. 4 for illustration. The per-unit flux in Fig. 4 is calculated with the base voltage of 15 kV.
In the Y-FD approach, each line is fitted up to 160 kHz with 84 poles (40 complex pairs and 4 real) resulting in a total of states, which are reduced to . The HPF yields the following ratios of harmonic content in the output current:
, , , and . In the case of the CP approach (discussed in [1] ), each line is approximated by 84 -sections, resulting in a total of states which are reduced to . The HPF yields the fol- lowing ratios of harmonic content in the output current , , , and . Fig. 5 shows the simulation of the original nonlinear and reduced systems using both, the Y-FD and CP approaches. From  Fig. 5 , we can observe that in the Y-FD approach the high frequencies are effectively attenuated while with the use of the CP model they are not, leading to inaccurate results. Note from the dotted lines that the order reduction has been obtained in a highly effective manner in both approaches (see also Table I ).
The same network was also simulated using the TW-FD approach. In this case, each line is fitted with eight real poles for both the characteristic admittance and the propagation function. The comparison between the TW-FD and the Y-FD approaches is shown in Fig. 6 . In addition, the steady-state solution from the HPF is also presented in Fig. 6 . In theory, these approaches are equivalent and this is confirmed in the figure. We note that, as expected with FD line representation, the higher frequency components in the transient attenuate faster than the lower frequencies. In Fig. 6 , we see that the initial effect of the perturbation is first amplified and a significant disturbance persists for a long time. This is likely due to resonance effects in the system.
The relative errors (as a percentage, with respect to the original) and the computational time for the example are presented in Table I . The computer used for obtaining all results in this paper is a Pentium III, 1-GHz speed, 512-MB RAM. Table I shows that if the transmission line is approximated by -sections (CP), the time domain simulation becomes much faster than in the case of FD line representation. However, the latter provides more accurate results. Table I also shows that, in the admittance approach, the simulation time for the reduced order system is about 1.5% of that corresponding to the original system. It also indicates that the simulation time corresponding to the original TW-FD approach is less than that of the original Y-FD approach. This is an expected result due to the smaller number of poles involved in the TW-FD approach. The computation times in Table I correspond to Matlab implementation and these could be significantly reduced if, for example, Fortran-based programs are used.
V. CONCLUSIONS
The modeling of a FD transmission line has been shown in this part of the paper for the order-reduction methodology presented in [1] . This more sophisticated line model has permitted to obtain more accurate simulation of the phenomenon when the LWP system is perturbed. The results presented here have demonstrated the accuracy of the reduction method and the computational efficiency achieved by the reduced order equivalent. The example presented contains only transmission lines and nonlinear loads but the proposed reduction technique is suitable for modeling other complex components such as transformers and switching elements.
APPENDIX A
In this section, the nodal elimination technique is described for the system presented in Fig. 2 . First, for each line the voltage/current relation as in (6) Similarly, at node 4, the relation leads to
The voltages from (19) are then substituted into (16a), (17a), and (18a) to obtain the final relations (15). In (15a), the column vector contains as entries only the elements from and the output current in (15b), , is extracted from the first equation of (16b).
APPENDIX B TW-FD

A. Single Transmission Line
Consider the transmission line shown in Fig. 7 with a nonlinear load, represented by (12), connected at end . The relations between the incident current and the reflected current are
where represents the propagation function. The state-space realization for (20a) and (20b) is
where , , and have the same structure as for the admittance approach. In (21), the reflected currents and are calculated at time , being the travel time. In addition, we have the relations (22a) (22b) Assuming that the voltage at node is known, the realization for (22a) is (23a) (23b)
The reflected current is then updated with (24) Similarly, from (22b) for node , we have
Considering a nonlinear load as in (12) for node , the voltage can be eliminated from (25) by application of KCL. Thus, the realization for this node including the nonlinear load is (26a) (26b) After calculating , the reflected current is updated with (27) Similar to the Y-FD approach, the initial conditions for (26) are obtained from the HD representation of the system [5] .
B. Network of Transmission Lines
In the case of a network with several transmission lines, the procedure described above could be used. The reflected currents are calculated for each line using an expression similar to (21). The solution for each load node can be calculated by using the nodal elimination as in (26). Finally, the reflected currents are updated.
APPENDIX C DATA FOR THE EXAMPLE
The network used as example in Section IV is shown in Fig. 8 . The network consists of 15 transmission lines and for simplicity of illustration, all of them have been taken with the same parameters and with a radial configuration. Each single-phase line is 100-km long, with a height of 15 m (19a) 
